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1. INTRODUCTION

Let {¢,(z)} be the orthonormal polynomials associated with the weight
dv(0) on the unit circle, z=e". We wish to find a representation of the
polynomials orthogonal with respect to a new weight, g(8) dv(0), where
£(8) is either a non-negative trigonometric polynomial or the reciprocal of
a positive trigonometric polynomial. We then find, up to multiplicative
constants, the polynomials associated with the quotient of a non-negative
trigonometric polynomial over a positive trigonometric polynomial. A
result of L. Fejér and F. Riesz [ 6, pp. 20-22] states that every non-negative
trigonometric polynomial can be written in the form z~"'G,,,(z). Thus we
consider G,,,(z) such that

z_mGZm(z)=|GZm(Z)Is Z:eie

with G,,,(z) of precise degree 2m.

Our first result is an extension of a formula of Christoffel and deals with
the case when g(0) is a non-negative trigonometric polynomial. It is stated
as Theorem 1 below. The main idea behind the proof of Theorem 1 is
similar to that found in Szego [15, pp. 29-31] of “a formula of Christoffel”
due to Christoffel. This is to be expected, for what follows is a complex
analogue of what happens in the real case.
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V. B. Uvarov [16, 17] generalized this formula of Christoffel to include
rational weights. As we shall see his inversion also has an analogue on the
circle. In Section 3 we derive a determinant representation for the polyno-
mials orthogonal with respect to g(8) dv(6) when g(6) is a quotient of two
trigonometric polynomials.

THEOREM 1. Let {¢,(z)} be the orthonormal polynomials associated with
the distribution dv(0) on z = e®. Let G,,,(z) be a polynomial of precise degree
2m such that

z2 7 "Gom(2) = Goml2), |zl =1.
Finally, let {¥,(z)} be given by
Gam(2)Ya(2)
$*(z)  z4*z) - Z"TM2) H2) zg(z2) - 279(2)

X)) ad*(ay) oo Al T PMay) Bloy)  adlay) o alg(ay)
=det| ¢*(ay) @d*@y) - AT 'P*(e) (o) apdlw;) - afd(ay) |, (1)

*(zm) X2m@*(azp) -+ “Tm71¢*(°‘2m) H220) X2 (%2) -+ 5, B(%2)

where the zeros of G,,,(z) are {0y, dy, ..., %s,, } and ¢(z) denotes @, . ,.(2).
For zeros of multiplicity h, h> 1, we replace the corresponding rows in the
determinant by the derivatives of order 0, 1,2, ..., h — 1 of the polynomials in
the first row, evaluated at that zero. (As usual, p¥(z)=zp,(z™ "), for p.(z)
a polynomial of degree r.)
Then {,(z)} are orthogonal polynomials associated with the distribution
|G1,,(2)| av(8) on the unit circle, z=e.

Our proof of Theorem 1 requires the following lemmas.

LeMMA 1. Each of the polynomials in the first row, when divided by z™,
is orthogonal to an arbitrary polynomial of degree at most n— 1.

LeMMA 2. The above determinant is a polynomial of precise degree
2m+ n.

The above theorem and lemmas will be proved in Section 2. In Section 3
we treat the case of multiplication of the weight by the reciprocal of a
positive trigonometric polynomial; see Theorem 2.

Let p(x) be a polynomial positive on [ —1, 1] and of precise degree m.
Bernstein and Szegé studied the class of polynomials orthogonal on
[—1, 1] with repsect to the weight functions w,, w,, wy,

wilx)=(1-=x)""/p(x),  wy(x)=(1—x*)w(x),

w3(x) = (1 —x)w,(x).
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Explicit formulas for the orthogonal polynomials in all three cases are in
Szego [ 15, Sect. 2.6]. The orghogonal polynomials associated with w,(x)
played an important role in Szegd’s proof of his equiconvergence theorem
[15, Theorem 13.1.2]. Bernstein used the orthogonal polynomials in
all three cases in connection with his asymptotic formula [18,
Theorem 12.1.4] which describes the large n behavior of general polyno-
mials orthogonal with respect to a weight function satisfying certain local
conditions.

Using the Szegd mapping [15, Sect.11.5] between polynomials
orthogonal on the interval [ —1, 1] and polynomials orthogonal on the
unit circle one can find explicit formulas for the orthogonal polynomials
on the circle associated with the weights 1/p(cos 8), sin’ 6/p(cos 0),
(1 —cos 8)/p(cos 8). These are special cases of our Theorem 2 when
v(8) =0 and g(6) is an even function of 6.

In Section 4 we state the result for the quotient of a non-negative
trigonometric polynomial over a positive one. This result is Theorem 3.
In Section 4 we also apply Theorem 3 to the case v(8) =6 and record an
explicit representation for the orthogonal polynomials associated with
weight functions |G,,(e®)/Hy ()| d if e~"™°G,,,(e) is a non-negative
trigonometric polynomial and e ~*?H,, (e) is a positive one. We also show
how Theorem 4 through the aforementioned explicit formulas gives the
strong asymptotics for polynomials orthogonal on the unit circle with
respect to quotients of trigonometric polynomials. This latter result may be
useful in investigating the strong asymptotics of orthogonal polynomials by
approximating their weight functions by quotients of trigonometric polyno-
mials; see Grenander and Szegd [6] and Maté, Nevai, and Totik [11, 12].

In Section 5 we show how the above Theorem 1 gives an alternative way
of deriving the explicit formula for the polynomials studied by Szeg6 and
generalized by Askey and Hahn.

2. PrOOFs

This section contains proofs of Lemmas 1 and 2 and Theorem 1. We
start with Lemma 1.

Proof of Lemma 1. We only have two types of polynomials in the first
row of the determinant. We consider each separately. Let p, _,(z) be any
polynomial of degree at most n— 1. Then, for the polynomials z'g, , ,.(z),
where /=0, 1, 2, ..., m, we have

Jm z¢n+m( ) ———

—_n

Lo @ (0= [y n() 70, ) b(6) =0
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For the polynomials z'¢*, , (z) we have

* n

n 7% (2N —
J (Z"ZJ)%" 1(z)arv(e)zf 2" Gk (2) pu1(2) dV(O)

-

[N]

"2 m(1/2) Py (2) dV(0)

$nim(2)27" 0, 1 (2)dV(0)

$nom(2)2" P, _1(1/2) dV(0)
Gnrm(2)2' 021 (2) dV(0)=0

for I=0,1, 2, .., m— 1. This completes the proof of Lemma 1.

Proof of Lemma 2. Assume the coefficient of z"¢, . ,.(2) is zero; ie.,
the determinant we get from crossing out the first row and last column of
our original matrix is zero. Then there exist constants, not all zero,
Aos Al ves A1 @0A Yo, P15 - V1, Such that the polynomial g(z) defined
by

gz)i=(ho+iz+ -+ 4, 12" )@, (2)
+(V0+Y12+ +ym—lzmA1)¢rT+m(Z)

vanishes for z=u,,a,,.., a,,. This shows that g(z) has the form
g(z)=G,,.(2)p, _(z) for some p,_,(z). We know that g(z) is not identi-
cally zero as the zeros of ¢(z) lie in |z] <1 and the zeros of ¢*(z) lie in
|z| > 1. From Lemma 1 we know g(z)/z™ is orthogonal to any polynomial
of degree less than n. Thus,

T G 1
0=J éﬂpn ) dv(6) = f &_(_)

—n —n

pr1(2) db(0)
=" 1o (12 [Gan(2)] a6)

which implies p,_,(z) =0 and consequently g(z)=

Proof of Theorem 1. From Lemma 2 and the form of the determinant
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in (1) each y,(z) is a polynomial of degree n. From Lemma 1 we see that
for any p,_,(z)

J" Gaml(2)¥a(2) W()

-7

Pu-1(z)dv(0)=0;
that is,

[" 0a(2)0n 1) Gan2)] dv(0) =0,

Thus the polynomials {y,(z)} are constant multiples of the polynomials
orthonormal with respect to |G,,,(z)| dv(8).

3. RaTioNaAL WEIGHTS

We can combine the above Theorem 1 with a result of Szego to obtain
a determinant representation for the polynomials orthogonal with respect
to a positive trigonometric rational function.

Specifically, assume g,(6) and g,(8) are positive trigonometric polyno-
mials. From Szegd [15, Theorem 11.2] we get most of the polynomials
associated with the weight (1/g,(8)) d6

b,.(z)=2"""h*(z), for n=r,r+1,..,

where g,(0) = |h(z)|?, z=¢€", g,(0) and h(z) both have degree r, h(z) #0 in
|z] <1, and A(0) > 0.

If we substitute these into our determinant representation, using
g1(8)=z""G,,,(z) we can get a representation for the orthogonal polyno-
mials associated with (g,(0)/g.(8)) df. (Note that if the degree of g,(8) is
> the degree of g,(6) then we are missing none of the orthogonal polyno-
mials; that is, our representation is valid for ¥ ,(z), ¥,(z), ¥,(z), ...).

More interesting than this, V. B. Uvarov [16,17] generalized the
original theorem of Christoffel to include multiplication by rational weights
and, in particular, division of the weight function by a positive polynomial.

Once again we start with the Fejér—Riesz result and write

m

L z
8(0)  Gan(z)’

|z| =1,

where g(6) is now a positive trigonometric polynomial and, of course,
G,,(2z) has no zeros on {z| = 1.
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THEOREM 2. Let {$,(z)} be the orthonormal polynomials associated with
the distribution dv(6) on z=e" and let G,,(z) be a polynomial of precise
degree 2m such that

2 "Gy, (2) = |Gy(2)] >0, z=e"
Finally, define a system of polynomials {{,(z)}, n=2m,2m+1, ..., by
¢*(z)  z¢Mz) - Z"TMZ)  H2)  zg(z) - 278(2)
Lg(¢%) Ly (26*) - Lg(z"7'¢*) Ly (@) Lg(2¢) - Ly (2"9)

Va(z)=det| Lp($*) Lg(z6*) -+ Lyp(z"'¢*) Ly (4) Ly(z9) - Lg(z"g) |, (2)

Ly, (¢*) Ly, (26*) -+~ Ly, (z"7'9*) Ly, (§) Ly, (24) - Ly, (2"9)

where the zeros of G,,,(z) are {By, B2, s Bom}, #(2) denotes ¢,_,,(z), and
where we define

Lipy=[ po) (7). t=e”

For zeros of multiplicity h, h > 1, we replace the corresponding rows in the
determinant in (2) by

m

- ;
Lio=]" no (T
0)=] ro (g
k=1,2, .., h acting on the first row.
Under the above assumptions {{,(z)} are the orthonormal polynomials
associated with the distribution (1/|G,,,(z)|) dv(0) on the unit circle, z = e®,
up to multiplicative constants, for n=2m.

) av(0), E=e®

Proof of Theorem 2. Assume for the moment that the zeros of G,,,(z)
are pairwise distinct.
Now, if k= 2m and p,(z) is of precise degree k we have

Pi(2) = Gap(2)q(z) + r(2)
with the degree of r(z) less than 2m. Thus define

pulz) ()
Gonl?)  Gom(2)’

where in case k<2m we set r(z)=p,(z) and ¢, _,,(z)=0. In either case
4k _ 2m(2z) has degree at most k —2m.

Gr—2m(2) =
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Now we decompose r(z)/G,,,(z) via partial fractions, 1.e.,

rz) & Adpi)
sz(Z)-,-i‘:l z—=B,’

where the {4;(p,)} are constants depending on p,. Assuming k <n—1 we
have for every

y(z) € Span{g(z), $*(2), 2(2), 20*(2), .. 2"~ '(2), 2"~ '$*(2), 2"h(2)},

where ¢ denotes ¢, _,,, that

[" 107 G dvo)=0

—n

and thus
[ 0nt s mo=3 [T [ () we)]
—-x IGZm(Z) i=1 l —n Z_Bi

for k<n-—1.

Hence if we let y,(z) be defined as in the above Theorem 2 we get

1
1Gam(2)]

[ 0.@ne d0)=0, k<n—1

by linearity as under integration the first row in the determinant will be a
linear combination of the lower rows. (If G,,,(z) has multiple zeros we
simply change the form of the partial fraction decomposition.) However,
we still must show that ¢, (z) is of precise degree n. For that we will require
n = 2m. Thus we are missing the first 2m polynomials in our representation.

Assume the coefficient of z™¢, _,,(z) is zero; i.e., the determinant we get
from crossing out the first row and last column of our matrix is zero. Then
there exist constants A, A4, .., 4,,_; and pg, g, ..., 4,,_, not all zero, such
that if we let y(z) be defined by

'))(Z) = (AO+'11+ +A'mwlzm—1)¢n7m(z)
+ o+ mz+ -+ 2" )X (2)

we have L, (7)=0 for every i
This means

|” 10m

1
_ Gz VO =0

640/71/1-4
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for every polynomial p,(z) of degree k <n—1 and, in particular, for y(z)
as well.
Thus

" 1
2"‘— =
| e = a)=0,

which implies that y(z) = 0. However, if n > 2m then y(z) cannot be identi-
cally zero. Thus the polynomials {(z)} are constant multiples of the
polynomials orthonormal with respect to (1/|G,,,.(z)|) @v(6).

4. GENERAL RATIONAL WEIGHTS AND APPLICATIONS

We may combine the proofs of Theorems 1 and 2 to produce the
following theorem.

THEOREM 3. Let {¢,(z)} be the orthonormal polynomials associated with
the distribution dv(0) on the unit circle, z= e, and let G,,,(z) and H,,(z) be
polynomials of precise degrees 2m and 2k, respectively, such that

27"Gom(2)=1Gom(2)l,  zTFHy(2)=1Hyu(2)| >0,  |zl=1.

Assume the zeros of G,,,(z) are {a,, &y, ..., %y, } and the zeros of H,(z) are
{Bi, Bsy s Bac}. Let @(z) denote ., _(z) and s=m+k. For n>2k
define ,(z) by

Gaml2WW,(2)
(%) ) - M) He) ) - 292 )
$ra)  wfr@) o o M@) @) wdle) o oldlay)
PHa)  apfr(a) o aTNE) B mlan) o addla)

=det | $*(@2n) @omb*(@2) - 03 0*0am) $0am) UamBoa) o 0B [
Lp(@*)  Ly(z4%) - Ly '9%) Ly@) Ly(z#) - Lg(z'9)
Ly(#*)  Ly(zé*) - Ly(z'¢%) Ly(d) Lp(zé) - Ly(2'9)
(L) L) L@ Loy L) o Ly () J

(3)
where we define

Lyp):=[" p&YETE—PNavld), &=e"
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For zeros of H,,(z) of multiplicity A, h > 1, we replace the corresponding
rows in the determinant by

Lyp)=[ pEOETE—Pdv(e),  c=e”,

r=1,2, .., h acting on the first row.

For zeros of G,,,(z) of multiplicity s, A > 1, we replace the corresponding
rows in the determinant by the derivatives of order 0, 1, 2, ..., h — 1 of the
polynomials in the first row, evaluated at that zero. (As usual, p*(z)=
z’p.(z7 1), for p,(z) a polynomial of degree r.)

Then {y,(z)} are constant multiples of the polynomials orthonormal
with respect to |G,,,(z)/H,(2)| dv(6) on the unit circle, z = e®.

Applications

The case when dv(8)=d0 is fairly straightforward. For then we have
$.(z)=2", $*(z)=1, and

—2n(p*)" T, IBl>1, n=s
0, IBl<l, n=s
Lﬁ(zn)= 2n(B*)n*s+l’ IBl<1, n<s
0, [Bl>1, n<s,

where B*=1/f, |B| #1. Thus the determinants in Theorems 1, 2, and 3
simplify greatly.

Application 1. We may see how our version of Uvarov’s generalization
matches with Szegd’s theorem for the case where the weight to be obtained
is (1/|H,,,(z)|) dB. We obtain, for some suitable constant 4,, that

Vusm(2)

’1 z 22 Zm-—l P Zn+1 Zn+2 . Zn+mj

1 B¥ ¥ ... BF1 0 0 0 .. 0

1 B BF2 . BF1 0 0 0 0
—J,det |1 B B** ... Br"1 0 0 0 ... 0

0 0 0 0o 1 B 2 pm

00 0 -~ 0 1 B p .. pm

oo o - o 1 B, B - B ]

where [B¥/>1 and |f]<1 are the zeros of H,,(z). Using Laplace’s
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Theorem we may express the determinant as a product of Vandermonde
determinants and thus get

¢n+m(z)=cn2n l—[ (Z_ﬁi)

i=1

for some suitable constant c,.

Application 2. Next we consider the rational trigonometric weight
|Gy (2)/Hy(2)| dB. Moreover, assume the zeros of G,,(z) and those of
H,,(z) are pairwise distinct. Let {a,, a5, .., ¢,,} be the zeros of G,,,(z) in
|zl <1 and {af,a¥, .., aX} its zeros in |z| > 1. Let {f}, B, .., B} be the
zeros of H,.(z) in |z| <1 and {B}, B, .., B}} its zeros in |z| > 1. Finally,
let s=m+k, r=n+m—k, and assume n>=2k. In this case Theorem 3
gives, for a suitable constant 4,, that

Gam(2)Y4(2)
_ ~
fl z 22 7S 1 " Zr+1 Zr+2 Zr+s
1 aik “f‘z ai‘:sAl aigr aikr+1 aigr+2 a;'"“
1 a; a;z a;:—l a;r a;r+1 d;r+2 az*r+s
1 CX,’: a:‘z a;sAI a::r a::r+1 a:lr+2 d,’:r+s
1 o« o ™t af aftt o aft? afts
1 a, o ™!y aftt aht? ahts
=A,det |1 a, o - a7t ar arttoalt? o ot
Logr B - BRTT 0 00 0
LBy B¥* - B¥~' 0 0 0 0
1 B B¥ pr—' 0 0 0 0
2 5
0 0 0 0 1 B 2 .
2 s
0 0 0 0 1 B 2 :
2 s
0 0 0 0 1 Br ﬂk ﬂk y
“

Now we will be more precise and make both sides of the last equation
monic. Let ¥,(z) denote the corresponding monic orthogonal polynomials
and set

c=(—-1)" ﬁ o¥

i=1
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so that ¢G,,,(z) will be monic as well. Finally, we manipulate the deter-
minant and write

det(4,(z))
4 =
CGZm(z) n(Z) det(B,,)
where
r 1 z 22 zs—l Z' Zr+1 Zr+2 Zr+s )
1 oy o« ol ! af aftt ot et
1 o, o3 oyt alh aht at? e alte
Lo, al
1 Bt e gr-* 0 0 0 0
1 B> p3? pr=* 0 0 0 0
4,iz)=1 1 B¥ pr* - BX' 0 0 O
@) @) ' @) (&)t af af? e af
(@) (&) 7" (@) 72 - (@) 1 aF af? az’
a. ) («,) " (x,) < - (4a,) " o o cee
(&) (@) ™" (@) 72 o (&) 1wk ak? bl
0 0 0 0 1 B B B
0 0 0 0 1 B, B2 - B
Lo 0 0 0t B B B

and B, is the matrix we get by deleting the first row and last column from
A

At this point we note that as n —» oo we have r > oo and thus %/ -0
for fixed i and j. Of course (&,)"*/ — 0 as well.

In fact, det B, approaches (—1)*“~" time a product of Vandermonde
determinants and we find

lim det B, =¢(ay, oy, .., &, BF, BY, ., BEF)
n-— o
X é(a?‘, a;a ey “:n ﬂl, ﬂz; ey ﬂk)a

where ¢ is the difference product, or a Vandermonde determinant defined
as usual by

E(xy, X35 x,)= ]  (x;—x))

Igi<j<n
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Now let D{"(z) denote the matrix we get from replacing the first row of
A,(z) by
© 00 - 01 z 22 ... 2%

and let D{"(z) denote the matrix we get from replacing the first (j+1)
rows of 4,(z) by

1z O A U 0 0
1 o, af - 2371 00 0 0
1 o, a3 - a7 00 0 0
1oy of | - 52! 0 0 0

0 0 o - 0 1 o o oo

so that by repeatedly decomposing det(4,(z)) we may write
det A,(z) =z"det D{"(z) + & det D{"(z)
+ a5 det DE(z) + --- +af, det DI(z).

The sum stops at m because the remaining determinants vanish by
Laplace’s theorem. This decomposition means that

€Gop(2) ¥,(2)=2"" " pg(z) + i * ™~ p{"(2)

+a121+m7kp(2n)(z)+ +an+m—kp£:)(z), (4)

m

where p™(z) =det D' (z)/det B,,.

This is a nice form for ¥,(z) as lim, _, . D!"(z) can easily be evaluated
in exactly the same manner we evaluated lim B,. Hence, letting
og=s(s+1),

lim p§’(z)

n-» 0

n— o

6(‘119 Ay veey Xy B?& B;, oy ﬂl’:)é(z9 ai’" a;‘9 a0y a:n ﬂl’ ﬁ2a ey Bk)

é(ah Oy eey Ly B?s B;’ ey ﬂlt)é(a;ka d;‘, ey ar‘r‘l’ ﬁb BZ’ =y ﬂk)
=TT =2 T1 =8, 5)

i=1 j=1

=(-1y

For A= 1 we find
lim p(n)(Z)’—(—l)a+h §(z, %1y By ooy 1y Oy 15 o Fomy BE5 BE, o BE)
n— o " (_1)h—1é(ahsal’azs'"’ah—lyah+1’---1“m’ﬁr’ﬂ;a""ﬁl’:)

é(ah’ al*’ aZ*, ey (Z,:, Bl’ ﬁ25 ooy ﬁk)
é(ai" a;, i <xr’.r‘n ﬁl, BZ; ooy ﬁk)
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Thus

i g (-0 T (E2%) 11 (E2%)

i i=h+1

<T1 (%) 1 et [ =B (6)

j=1 % i=1 j=1

Actually, this last equation is no accident. Let E” (z) denote the matrix
we get from replacing the first row of 4,(z) by

1z 22 .. 27200 0 --- 0)
Write Eq. (4) in the form

CGo(2) ¥ (z)=z"F7 " (")(Z)+q(n) (z),

where p{’)(z) is as before but ¢ (z)=det E\™ /det B,.
Note that ¢!, (z) is a polynomial of degree s=m+k—1 and,
furthermore,

gt (B¥)=0, i=1,2, ..k
g ()= —a7 " Fpie),  j=1,2,..m

These equations, m+k in number, fix ¢ (z) by uniqueness of inter-
polation. Hence even before taking limits we must have

P =(~1) ﬁ (ah_a)__ﬁ (;;_“;f) H (;h—_’;) P,

= i=h+1 j=1

Equations (4), (5), and (6) determine the limiting behavior of the
polynomials {¥,(z)} inside and outside the unit circle. For example, if
|z| > max{a,], |&), ..., |&,,| } it is clear from Egs. (4) and (5) that

(Gan(2) o)z * [ (z—a?) [] (=)

i=1 j=1

and thus for such z

K
Y, (2)xz" (z—/)’j)/r[ z—a;)

j=1

For z on or the exterior to the unit circle these results are well known
in terms of the Szegd function; see Grenander and Szegd [6, pp. 50-55].
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The interesting case is when |z| < 1. However, it is clear that if |o,| is the
unique maximum from {|z|, |a,|, a5, .., |%,,] }, assuming such a unique
maximum exists, then (4) and (6) give

¢Gy,(2)¥,(2) —a

. i s Z—0; . Z_‘ﬂj*
nlLOO aptme == H ( 0‘;)1 I_hl+1<ah_ai>jl:[1 (ah_ﬁj*>

<1 -3 ] @

i=1 j=

—_

for a,, such that |o,| >max{|z|, |al, (o], s [0 115 [@h 1ls woor [0n] }-

When there is no unique maximum from {[z[, ||, |@s]s s |X,] s
Egs. (4), (5), and (6) yield similar, but more complicated, behavior. The
case when the zeros of G,,(z) are not pairwise distinct is currently being
investigated.

5. THE POLYNOMIALS OF ASKEY, HAHN, AND SZEGO

Askey [2, pp. 806-811] used the Ramanujun i, sum to prove that the
polynomials
(@95 8@ 9k g
Sn(z)= z 7
) ,Eo @@ ) 1) 7)

satisfy the orthogonality relation

(4" 4" |

(age”; 4*)o

_ 9@ (995 475 ®)
(0% 4% 0 (A% 4P ™7

[ s2e”) 55 o
2 0 nl€ m

assuming —1 < ¢ <1 and defining in the standard way

(6;9)0=1, (0;9),=]] Q1—0g’""), n=1,2, .. orn= 0.

j=1
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These polynomials were considered earlier by Hahn [7], see p. 811 in
[2], and before that Szegé [14] considered the case when a=0.

We can prove the orthogonality of the polynomials (7) using Theorem 1
and the same idea behind Ismail’s [8] proof of the ,y,-summation.
Namely, choose appropriate values for the parameter a, and then use
analytic continuation.

When a=¢’", m=1, 2, .., the weight function reduces to

0

w(0)=(92;4°)(gz" "5 ¢*),,  z=¢", 9)

2m—1 —(2m-3 2m—3 2m—1
(2m ), (2m—3) 2m ),q(m )}'

so the zeros of w(0) are {g~ q e @G q
All of the zeros are simple: half of them lie inside the unit circle and the
other half lie outside.

Applying Theorem 1 with dv=d#, ¢,(z)=z", ¢¥(z)=1 we find that

A
Yaulz)=5—
! &(z)
( )
1 z ZmAl Zn+m Zn+2m
1 q qm—l g T qn+2m
1 q3 q3(’”"l) q3("‘+m) . q3(n+2m)
det 1 q2m~l q(2m-i)(mv1) q(2m7'l)(n+m) q(2m—l.)(n+2m) ,
1 qfl q*('”*” q*(n+m) q7n+2m)
1 q—3 q—3(m—l) q—3(n+m) q—3(n+2m)
&i q—(2;"—1) .q—(Zm—'l)(m—l) q—(Zm—.l)(n+m) q—(2m—'l)(n+2m)

J
(10)

where £(z) denotes the Vandermonde determinant, or difference product,
on {z,q,g7 ... q*" "1, g ? D1 and 4, is a suitable constant.

Now, let A, denote the complete symmetric function of degree k on
{z,q,q7 ", ., q®" ™1, g~ @D} and let s, denote the complete symmetric
function on {q,q7 ' .,q%" D, g ® D} We set hy=s,=1 and
h_,=s5_,=0fork>0.

Note that
hkzzhk71+sk (11)

for all integers k.
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From Muir [13] we see that

¥, (z)=4,
f ho hl hm—l hn+m
h_l hO hm72 hn+m71
det h~m+1 h—m+2 h0 h”+1
hfm h»m+l h‘—l h"
h,m,1 h—m h-—z hn71
h*Zm h-2m+l "hfmfl hn—m
.
Thus
hn hn+1 hn+2
B h, h,
Vaz)=A,det| .
hnfm hn~m+l hn-m+2

and using (11) repeatedly we get

h

n Sht1 sn+2
V.(2)= A, det nil S‘n Sn'+1
Buem Sn—m+t Sn—ms2
Now let
Sn—k Sptit Snt2
A, = det sn~(.k+1) s.n Sn‘+1
Sn—tk+m) Sn—m+1 Sn—m+2
and
hnAk Sn+1 Sn+2
o+ Sp Sni1
B, =det . . .
R krm)y Snema1l Sn—min
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We have ¥,/A,= B, but moreover, from (11) we know that B,=
zB, .+ A, and that B, =0 if k > n. Therefore,

¥a(2)
j~n

=A,z"+A, 2"+ -+ A2+ A,

The problem now is to evaluate 4, in general. We have 2m zeros in our
weight function but A4, is only a (m+ 1) by (m+ 1) determinant. We “fill
out” A, and use Muir [13] in reverse.

That is,
So 51 o S Sn—k+m—1 Sn+m Spvm+1 " Snim-a
S So Sm—3 Sn—k+m=-2 Sn+m—1 Snim v Sasm-2
S_ms2 S_my3z So Sn—k+1 Sn+2 Sn+3 7t Suimat
A, =det
k S m+1 S_m+2 7 S_1 Sn—k Sntt Snt2 Sntm
S_m S_mar S_2 Sn—k—1 Sn Snt1 t Saem—i
S_oam+1 S_2m+2 0 Som-1 Spet—m Snem+1 Snem+2 " Sn
and hence
TOwW,
row,
EAy=det| .~ |, (13)
row,,,

where ¢ denotes the Vandermonde determinant on {gq,q¢ !, .., q¢*"~ ",

g @D} and
2h—1 2h—1 -2
IOWy, 1= [1, q PRI q( o )’
q(Zhv 1)(n+m+l), ey

rowy,=[1,4""% .., q

Rh—1)n—k+m—1) _(2h—1)(n+m)
’ >

q

Ch—1)n+2m—-2)
»

q

(2h71)(n+2m—1)]

q

(1 —2h)(m —2)
s

q

(1 —-2h)n—k+m—1) _(1-2h)n+m)
£ Y

q

1—-2h)n+2m—2)
5

q

1-2n)(n+m+1) 1—2h)(n+2m-l)]
o .

g s g q'

Here is where the spacing of the zeros comes into play, for the determi-
nant in (13) is actually a power of ¢ times a Vandermonde determinant.
That is, if we set

r=—0Cm-1)[0+1+ .- +(m=2)+(n—k+m—1)
+r+m)y+(n+m+1)+ - +(n+2m—1)],
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then

2 2 1 2 2m—1
q (n+m)’ q (n+m+ ), ,q (n+2m ))

2m—1 lem)

g9 99 .. g

Ay=q

As the Christoffel theorem(s) only give the polynomials up to constant
multiple factors, we are interested in the ratios of coefficients more than
in the coefficients themselves. Here in the coefficient ratio we have a
tremendous amount of cancellation. More precisely, we find after some
computation that

Ak+l_ » (l_qZ(n—k))(l _qZ(k+m+IJ)

Ak q (1_qZ(n-k+m—1))(1_qz(k_hl)).

However, this is easily seen to be
Ak+’=q~l<[ (4% 9%)n & ][ "q% q )kH])/
Ay (‘12; qz)n—kfl 2'" %

([ (@™ 4%)u_s ][(q ;q )k+1]>
(@5 47w dL (g% 8%
and thus

Aisr_ _,<(aqz; 9" )i+1(a; qz)nn(kﬂ,)/((aqz; qz)k(a;qz)n_k>
A (0% 01 (@5 8y \@5 8@ 401 )

where a = g>"

At this point we know the S%(z) for this choice of a are orthogonal on
the unit circle. However, we still need the right hand side of Eq. (8). If we
consider the monic polynomials

(2)= (4% q)nq S4(2)

(ag* %),

then from Geronimus [4] we have

1 2n n )

— [ 2,F,@wO) do=c, [] (1-[,0)), (14)

2w Jo k=1
but

A ;g2 l1—a
®,(0 )__o_ (@5 9 ) q"= ( ) qk,

Ay (ag%; 4™ (1—ag*)
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SO

1—a 1—a
(1- |¢k(0)|2)=[1 +1__—aqz;ch]|:1“ﬁqk]

aq
3 (1+q")(1—aq")][(1—q")(1+aq")]
‘[ (1 —ag*) (1 —ag®)
(=g =d’¢*)
- (1 _ank)2

Substituting these into (14) we have

(4% 4°)a(d’q"; %), (15)
(ag%; q*)?

1 2n
o jo ®,(2) B, (Z)w(b) db = c,

which, multiplying through by
[(aqz;qz)nq.,,]2
(% q%),
1

2n
= [ Sue) SEEw(0) db = cog
2n 0

gives

0 (@5 87),
A (16)

Comparing Egs. (8) and (16) we must have (if a= ¢*™)

_ (adh 4%
(0% 4% (0%¢% 0%

Co

This is cheating. After all, we are trying to derive (8) a different way. In
fact, we can, for the spacing of the zeros of w(f) allows us to compute all
of the moments, including c,, directly. We write

1 2 ZZm
1 q 2 q2m
-m m . nr -1 -2 ~2m
£ : : : : ’
1 quA 1 q2(2m~ 1) q(2m)(2m— 1)
(1—2m) 2(1 —2m) 2m)(1 —2m)

1 g q
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where ¢ denotes the Vandermonde determinant, or difference product, on
{g.97", ... g®" 1, g~ D} Therefore

row,
mz m n
c -1 (=7 det row2
o ¢ oy
row,,,
where
r0w2h~ 1= [1’ ‘12"717 ey q(Zh‘ lJ(an),
q(2h~1)(n+l), q(Zh—l)(n+2), i q(2h~1)(2m)]
rowy, = [1,g'~%, ., ¢!~ =D,
q(l‘Zh)(n+l)’ q(172h)(n+2), - q(l~2h)(2m)].
We get
Cnim=qm2+(n~2m)(2m71)(_1)m+n
5(1, q2, q4’ " q2(n—1), q2(n+l), q2(n+2), .y q4m)
X 122 o° am =3
g% 4% g™ o)
___qm2+(n—2m)(2m~1)(_])m\1
f(l, q2’ q4, " qZ(n—l)’ q2(n+l)’ q2(n+2), - q4m—2’ q4m)
5(1’ q2’ q4’ — q2(n—1)’ q2(n+l)’ q2(n+2), .y q4m—2’ q2n)
=qm2+(”‘2m)(2m—1)(_1)m‘1 [(1 __q4m)(q2__q4m)...(qznfz__q4m)]
(1 =¢>)g*—¢*) - (¢ > —¢*)]
[(q2n+2_q4m)(q2n+4_q4m) (q4m—2__q4m)]
[(q2n+2_q2n)(q2n+4__q2n) .. (q4m—2 _an)]
=q(,,_,,,)z(_ )= (1—g*)(1—g*"~2)..- (1 —g*+2)
(t—g*)(1—g"""%) - (1-¢")
Thus

2m—2k+2)(1 _q2mA2k+4).“(1 _q4m)
(1—q2)(1 —q4)...(1_q2m+2k)

2m+2~—2k; qz)w/(q4m+2; qz)w
(qz; qZ)OO/(qu+2k+2; qZ)w
22k, 242k,

(ag® % ¢*) o (ag® * 2, 47)
(9% 47w (4°9% ¢7)

qkz(—l)k (1—‘]

Cp =

L

=g¥(— 1)k
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In particular,

_ (agk )
(4% 4%) . (@%4% ¢%)

Co

for a=¢*" and we conclude that (8) is precisely true for these a and, by
analytic continuation, for all @ with a’¢* < 1. Moreover,

TV (. et o P (St P AL ) [
—=q"(—1) 2, 2\2 = 2, 2 (aq)
CO (aq aq )oo (aq ’q )k
implies
2@, w47 d%)0(qe 7 07) (0% 4)) (@0 47) )
Z 55 (age”) = 6. 2 —6. 3 2. 2 - (17)
= (ag%q7) (age”; %) (age ™ "; q°) o (aq”; q°) 5

This instance of the ;i,-sum was the basic ingredient in Askey’s proof of
the orthogonality relation for the polyomials {S%(z)}. Our approach gives
(17) as a by-product.

Note that one can also evaluate ¢, in (16) by setting m=n=0 in (16)
and expand the weight function using the g-binomial theorem.

6. REMARKS

Alfaro and Marcellan [1] considered the case when a weight dv(6) on
the unit circle is to be multiplied by |z —f|% z=e". Later, Godoy and
Marcellan [5] obtained a different version of our Theorem 1. Their
version, however, is a determinantal expression involving both the ¢,’s and
their kernel polynomials. We believe that our determinantal representation
is much more convenient. Neither [1] nor [5] contain any application
requiring the full use of the general determinant representation.

The expression (10) is curious because it provides a representation for a
multiple of S%(z) as a polynomial in the two variables z and ¢. As
orthogonal polynomials the dependence on z is important but in many
combinatorial problems an expression of the polynomials under considera-
tion in z (or x on the line) and ¢ is very useful. See Viennot [18] and
Ismail, Stanton, and Viennot [9].

The work [3] surveys mostly papers characterizing Appell and g-Appell
polynomials on the unit circle. Kholodov [10] solved the more general
case of characterizing Sheffer sequences which are also orthogonal on the
unit circle.
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